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Abstract. From a phenomenological point of view, we study active-active and active-sterile flavour-
changing (and flavour-conserving) oscillations of Dirac-Majorana neutrinos both in vacuum and in matter.
The general expressions for the transition probabilities in vacuum are reported. We then investigate some
interesting consequences following from particular simple forms of the neutrino mass matrices, and for the
envisaged scenarios we discuss in detail neutrino propagation in matter. Special emphasis is given to the
problem of occurrence of resonant enhancement of active-active and active-sterile neutrino oscillations in
a medium. The peculiar novel features related to the Dirac-Majorana nature of neutrinos are particularly

pointed out.

1 Introduction

Today we have several indications in favour of non zero
neutrino masses and mixing.

The solar neutrino problem, i.e. the observed deficit of
solar neutrino fluxes [1], is a well established tool whose
resolution requires (almost without doubt [2]) neutrino
physics beyond the (minimal) Standard Model. The ac-
ceptable solutions to this problem, in terms of vacuum [3]
or matter [4] flavour oscillations or spin and flavour os-
cillations [5] as well as in terms of active-sterile neutrino
conversion [6], all need non vanishing neutrino masses and
mixing [7-10].

The second indication in favour of neutrino oscillations
come from the observed deficit of atmospheric muon neu-
trinos with respect to electron neutrinos [11] that can be
explained in terms of v, — v, or v, — V. or even active-
sterile neutrino transitions [12].

Laboratory direct searches for massive neutrinos only
give, at present, upper limits on neutrino masses [13] and
the same is valid for reactor and accelerator neutrino os-
cillations experiments [14], except for the LSND experi-
ment [15] whose results seem to be explained in terms of
v, — 7, oscillations.

Hints for massive neutrinos also come from cosmology,
looking at v, as the most probable candidate for the hot
component of the dark matter [16] and from the observed
peculiar velocities of pulsars [17]. On the other hand, in
Grand Unified Theories, which attempt to give a unified
view of electroweak and strong interactions, massive neu-
trinos are predicted [18] together with other phenomena
violating both lepton numbers and baryon number (such
as, for example, proton decay).

However, the most intriguing fact is that a simple sce-
nario with only three massive neutrinos cannot account
for the solar neutrino problem, the atmospheric neutrino
anomaly and the LSND result. This is because the three
squared masses differences Am? for the three oscillation
solutions to these problems are all distinct between them:
the resonant MSW solution to the solar neutrino prob-
lem requires Am? ~ 107° eV?, while for the atmospheric
anomaly Am? ~ 1072 eV? is needed and Am? ~ 1 eV?
for the LSND result. Many analyses [19] have been con-
ducted for giving a unified view of the three problems in
terms of neutrino oscillation (taking into account also the
limits from laboratory experiments) and a coherent pic-
ture seems to emerge with four massive neutrinos, namely
the three known neutrinos plus a sterile neutrino. Note
that four neutrino mass eigenstates are needed, but not
necessarily more than three neutrino flavour eigenstates.
This scenario is easily realized if one considers neutrinos as
Dirac-Majorana particles described by the following gen-
eral mass term in the electroweak lagrangian [10]:

1
DM E = D E — 1
7£m = VIR Ml/l vy + 5 V?/R Ml/l Vg,
N4 L

1 —c
—+ 5 ;;VI/L Ml2/l VIR + h.c. (1)

Here 1,1" = e, u, T label the three flavour eigenstates and
Mp, My, My are the Dirac and the two Majorana mass
matrices which, in general, are hermitian and non diag-
onal (however, M; and M> have to be symmetric). To
construct the mass term in (1) we need the three known
left-handed neutrinos (and their antiparticles) and other
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three right-handed sterile neutrinos (and their antiparti-
cles)!. After the diagonalization of (1) we can obtain in
general six mass eigenstates which are Majorana fields; so
in this framework we can easily endow the above scenario
with four massive neutrinos coming from the experiments.
Note that if neutrinos are really described by the mass
term in (1), the total lepton number is no longer conserved
and peculiar phenomena, as neutrinoless double beta de-
cay and neutrino-antineutrino oscillations can take place.
We stress that (1) is predicted in many GUTSs [18]
in which the popular “seesaw” mechanism [20] can give
rise to very small neutrino masses in a very natural way
by supposing M; =~ 0 and Mp <« Ms. However, this is
not the only possibility; recently some models assuming
M; ~ M; have been proposed [21] for accounting the
three experimental indications on neutrino oscillations dis-
cussed above. Here we further explore this last scenario
and study flavour transitions of Dirac-Majorana neutrinos
from a completely phenomenological point of view, adopt-
ing no particular model. This work is a generalization to
flavour transitions of previous papers [22,23] in which we
studied peculiar oscillations of Dirac-Majorana neutrinos.
We now assume, for simplicity, only two flavours, so Mp,
My, My in (1) are 2 x 2 matrices in the flavour space.
In the following section, the basic vacuum oscillations al-
lowed by (1) are studied and transition probabilities are
explicitly given in the general case. Some very interest-
ing consequences due to particularly simple forms of the
mass matrix are also investigated. In Sect. 3, given the
effective hamiltonian of Dirac-Majorana neutrinos inter-
acting with a medium, resonant matter oscillations are
considered along with a qualitative discussion of the phe-
nomenon with the aid of the level crossing diagram. Fi-
nally, in Sect. 4, there are our conclusions and remarks.

2 Dinamical evolution
of Dirac-Majorana neutrinos in vacuum

Let us consider the propagation in vacuum of Dirac-
Majorana neutrinos with 4-momentum k* = (w,k) de-
scribed by the following lagrangian:

9(63) (<)
~m () () e

(for convenience we have absorbed a factor 1/2 in Mp and
M with respect to the mass terms in (1)). In the chiral
Weyl basis for the Dirac gamma matrices, denoting

) @ e

L Obviously, the generalization to more than three families
is possible and straightforward

L= v,V
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we have
k 0 MD MM Z/E VE
0 k My Mp vy, . v
Mp My —k 0 ve | =@ | g (4)
My Mp 0 —k VR VR

In a more compact form, indicating

vy
nL - < 3 )
vr

and

(4) can be written as

(W5 Ge) =< () o

(7) shows that, in general, chirality-changing transitions
are possible (in fact, in vacuum, chirality is not in general
conserved), but these are suppressed with respect to the
chirality-preserving ones in the ultrarelativistic limit, be-
cause in this limit chirality almost coincides with helicity,
which is strictly conserved [23]. Due to this suppression,
chirality-changing transitions are not of very practical in-
terest, and we will not consider further these processes. At
the leading order in the ultrarelativistic limit (w—k < 2k),
from (7) we deduce that

(1

while the approximate equation for ny, is

nrp =~

w—k\ M
vk )an (3)

Hn; = wnp, (9)
with )
M
H ~ k — 1
Y (10)

and the matrix M is given in (6). Here, for simplicity, we
limit ourselves to only two flavours, for example e and p,
so that the mass matrices in (6) have in general (assuming
CP conserved) the following non diagonal form:

D D M, M

_(mg, mg _ [ Mee Mg,
Mp = H My = (11)

mP m mM mM

ep pp ep pp

The 4 x4 hamiltonian in (10) can be easily block-diagonal-
ized by using the unitary matrix

L (1
\/ﬁ —I1
where [ is the 2 x 2 identity matrix. In fact, introducing
the Majorana states ny, = Vnp,

() -v(x) -5 (nhs) o

V= (12)
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we can rewrite (9) as

Hnp = wng (14)
with
—~ 2
- M2 My
H=k+2k=<k+2 0M2> (15)
where
My = Mp £+ My (16)
It is now a simple task to completely diagonalize (15) by
means of the mixing matrices
. cos A4 sin 64
Ur = (—sin 0+ cos 9i> (17)
with the mixing angles given by
2mE
tan 204 = —— (18)
méte - m;ﬂ
(m% = mL + m and so on). Indicating with
T +
my =3 (mee + My
# i~ g+ amg)?) (9
T +
My =35 (mee + My
Vot~ mir - ams)) 0

the eigenvalues of the mass matrices in (16), the four en-
ergy eigenvalues are

(m1i,2)2
to which correspond the eigenstates
i) —p (T
v_ n_
_(U+ O ny
- 0 U_ n_
— v < ) (22)
53
where we have used the shorthand notation
Vit
= 2
v = (1) (23)

Given the relation (22) between the energy eigenstates and
the flavour ones, we easily get the time evolution of the
states created by weak interactions:

) - ) >
vy t) > o T 7T vy 0) >
> | = VAUV s |G
Vi) > PROR
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where

- —iBEyyt —iBait —iEy_t —iBEs_t
A = dzag{e et TR ol }

(25)
The transition probabilities P(v;— v;) are then given by
the squared modulus of the corresponding matrix elements
| < v;(0)|v:(0) > | in (24); after some calculations we
obtain

P(l/eL — VuL ) (26)

mQt
k

A 2
%t T sin?20_ sin?

Amf_t  Am2 ; Et
P sin COS —

1
=7 <sin2 26, sin®

+ 2sin 260, sin260_ sin

4k 4k
P(ver — vyp) (27)
1 Am? mZ
=7 (sin2 26, sin® 4k+t + sin? 20_ sin? it
2 2
X
— 2sin 26, sin260_ sin n}?‘t sin e t cos 4k‘t)
P (Ver — Vp) (28)
X — Am? 4+ Am?
2 2 .2 + -
= ¢ co sin Sk
Y — Am2 — Am?
2.2 2 + -
+ ¢ s” sin Rk
Y4+ AmZ 4+ Am?2
—i—sic2 sin? 8+k
Y+ Am2 — Am2
+ 83_82 sin? 8-2
Am A
fca_ 3_51112 4k+t — ¢* 52 sin? %t
and for the survival probability
P (VeL — VeL) (29)
o X — Am? + Am?
=1- cic2 sin? 8-;
Y — Am?% — Am?
- 63_52_ sin? mg}; -
24 Am? + Am?
—sic2 sin? +
8k
o X+ Am? — Am?
— 8382 sin? 8+k
Am Am?
—cisi sin? 4k+t — ¢ 52 sin? 4k7t
(we have adopted the shorthand notation ¢ = cos 04,
s+ = sin 01). These probabilities in general depend on
5 parameters of the underlying theory, that is 2 mixing
angles Hi, and 3 mass parameters Am3 = m3, — mi,,
Y = m1 +m2, —m?_ —m3_.

Note that in the limit of zero mixing angles all transi-
tion probabilities vanish except P(v.; — v<;) for which
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we recover the Pontecorvo oscillation formula [24], [22]: in
this limit only neutrino-antineutrino oscillations with no
flavour change are possible with both Dirac and Majorana
mass terms.

The obtained results for the transition probabilities in
the general case, (17)-(19), are rather complicate and then
difficult to analyze. In the following we discuss some very
interesting particular cases obtained for peculiar forms of
Dirac and Majorana mass matrices.

2.1 Pure Dirac and pure Majorana neutrinos

For the two limiting cases

Mp # 0 My = 0 (30)
(pure Dirac neutrinos) and
Mp =0 My # 0 (31)
(pure Majorana neutrinos) we have
0, = 60_ M = M2 (32)
so that
P(ver, = vur) = sin? 26 sin® AWIZQt (33)
P(ver — VEL) =0 (34)
P(ver, —ve) =0 (35)

As we know, in these frameworks we have no neutrino-
antineutrino oscillations but only flavour transitions, for
which we recover the standard results [7]. Note that for
pure Dirac and pure Majorana neutrinos the result is the
same, but this holds only in the ultrarelativistic limit [25].

2.2 The cases of Dirac mixing and Majorana masses
and vice-versa

In general, all the elements of the Mp and M), mass ma-
trices in (2) are non zero; however, we can constrain these
by making some physical ansatz.

Looking at the quark sector of the Standard Model
we note that quarks are Dirac particles (obviously!) and
flavour (weak interacting) eigenstates are mixed to give
the mass eigenstates. In analogy, we can assume that also
for neutrinos the Dirac mass matrix is responsible for the
mixing of the flavour eigenstates. Nevertheless, we know
that neutrinos, if massive, are much more light than the
corresponding quarks (see the limits reported in [13]) so
that one can think that their masses (but not necessarily
mixings) are generated by a Majorana mass term. The
most simple forms for Mp and M), translating these two
ansatz are then

0 mb mM 0
Mo = <mD 0“) Mo = ( M> )

en

S. Esposito, N. Tancredi: Flavour transitions of Dirac-Majorana neutrinos

We now explore the implications of (36). The first one is
that
U7 =

Ul (37)

2 2
My = M* (38)
i.e. + states and — states have equal mass eigenvalues but
+ states are mixed between them in a way just opposite

to that of — states. As a consequence

9, = —9+ (39)
Am2 = Am? (40)
Y =0 (41)

Inserting these in the expressions for the transition prob-
abilities (17)-(19) we get

P(l/eL %VML):O (42)
c (2 o Am?

P(ver, — vy) = sin® 20, sin P t (43)

Per —vs) =0 (44)

We see that, in this case, pure flavour oscillations and pure
neutrino-antineutrino (Pontecorvo) oscillations are not al-
lowed, while only flavour changing neutrino-antineutrino
transitions are predicted. It is interesting to note that for
the latter, the expression for the transition probability has
the same form as (33). As we will remark below, this has
implications on the interpretation of disappearance neu-
trino oscillation experiments.

On the contrary to the ansatz just analyzed, we can
further explore the possibility that neutrino mixing is giv-
en only by the Majorana mass term, while masses are
generated directly by the Dirac term. We then consider
the following mass matrices:

mP 0 0 mM
Mp = < Oee mD) My = <m% 0”) (45)

[
Also in this case we find that relations (37),(38) hold, so
that again we have (42)-(44) for the transition probabili-
ties. The fact that both cases analyzed in this paragraph
lead to the same phenomenological predictions is analo-
gous to that encountered in the previous paragraph, where
(30) and (31) also gave identical results. We then observe
a symmetry between Dirac and Majorana mass terms.

2.3 The case of degenerate Dirac
and Majorana mixing

Another interesting ansatz is to suppose that neutrino
mixing is generated by Dirac and Majorana mass terms
with the same strength. This can be simply implemented
by using

mP m 0 m
Mp = ee ol My = et 46
D (meu m;?u M Mey 0 ( )
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or
. 0 mey, . méve[ My,
Mp = (me# 0 > My = (meu m;% (47)

In both cases we have one non-vanishing mixing angle and
2 (nearly) independent mass parameter; more precisely

- =0 (48)
Am? = cos20; Am? (49)
while X' is given by
. 2
5 2 sin? 26, (Am?,_) (50)

(mi_ + my_)?

Note that in the limit of zero mixing angle we are left with
only one mass parameter (X = 0). Instead for arbitrary
mixing, in the present case, if the states 1, vo4 are de-
generate in mass (Am?2 = 0) then all the four states v,
Vo4 are degenerate (Ami = Am? = ¥ = 0) so that no
transition can occur.

Inserting (48), (49) in (17)-(19) we now observe that
all the transition probabilities are different from zero, and
are given by

P(ver, = vur) = P(ver — VﬁL)

2 Ami "
ak 7

1
1 sin? 20, sin (51)

X —2s; Am?
P(ver, — v5p) = ¢ sin® Sl i
8k
t) (52)

(53)

X +2c.Am?
52 sin? (+8;m+

Am2
2 .2 :2 +
— 3] —t
C, S SIn ( 1k )

Interestingly, let us note that both v.;, — v, and vep —
vy, transitions have the same probability, whose form is
identical to (33) and (43) apart a constant suppression
factor for the oscillation amplitude of 1/4. For degener-
ate Dirac-Majorana mixing we then predict non vanishing
flavour-conserving oscillations and equal probabilities for
flavour-changing ones.

3 Dirac-Majorana neutrino oscillations
in matter

In this section we generalize the MSW theory [8] to take
into account the Dirac-Majorana nature of neutrinos.
Let us consider neutrinos travelling in a medium with
constant density, whose electron and neutron number den-
sities are given by N, and NV,,, respectively. In the flavour
basis, the evolution equations are simply given by (4)
where the energy w is substituted by w — V', V being the
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effective potential experienced by a given neutrino state
in the medium, namely [8,26,25]

1
Vier == Ve, = V2Gr (Ne — 2Nn) (54)
Gr
Vi =— VquR = - ﬁ N, (55)
V=0 for all the other sterile states (56)

Here G is the Fermi coupling constant, and for simplicity
we consider only non magnetized media (the generaliza-
tion to these media is straightforward following [26]). In
compact form, the evolution equations are then given by

(3 ) ()
where

Vi = diag{V,.,, Vi, 0, 0} (58)

Vi = diag {0,0, = Vi, = Vi, } (59)

In the ultrarelativistic limit, and for V,,_,, V,,, < k, we

can again separate the evolution of ny, and ng states, and
in particular we get

H,nr, = wny, (60)
with the effective hamiltonian given by
M2
H, ~k+ — + Vi (61)

2k

In terms of the physical mass and mixing parameters, sub-
tracting from H,, terms proportional to the identity ma-
trix which contribute with an irrelevant common phase
factor to the wave functions, the effective hamiltonian in
the flavour basis can be explicitly written as

H,, (62)
*DJFC + 4VVeL 7D+S ag — ch *Dfs
_ l _D+s D+c + 4VV“L —-D_s o+ D_.
o 4 o—D_. -D_; _D+c _D+S
- Dfs o + ch — D+5 D+c
where we have used the notations
D Amﬁ_ n Am? (63)
o= T T T
b Am? N Am? (64)
S Top M T T O
XY
o= — 65
ok (65)

Diagonalizing H,, in (62) we then get the matter mass
eigenstates from which the transition probabilities in mat-
ter can be obtained. Before dealing with this point, we first
want to discuss the occurrence of resonances in neutrino
matter oscillations.
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3.1 Resonance conditions

Resonant enhancement of oscillations takes place when
two unperturbed (mixing equals zero) energy levels cross
between them [8]. The resonance conditions can then be
(approximately) obtained by equating the diagonal ele-
ments of H,, in (62).

For resonant vey, — v,z transitions we have the follow-
ing condition

2 2
mi Am? B
5 o 20, + % o8 20_ = 2vV2Gp N. (66)
while for v.r, — yﬁL and v, — v
2 2
M cos 20 + — cos 20_
1
=2V2Gp <Ne -5 Nn> (67)
m? 2
2k+ cos 20 + cos 20_
=V2Gr N, (68)

respectively. Instead, as already found in [23], the active-
sterile flavour-conserving matter transitions v.r — v<,
and v, — v, have a maximum amplitude only if

(69)

(70)

respectively?.

The relation (66) generalizes to Dirac-Majorana neu-
trinos the resonance condition for flavour oscillations ob-
tained in [8] for pure Dirac or pure Majorana (ultrarela-
tivistic) neutrinos:

A 2
n cos 20 = V2Gr N,

(71)

An important novel feature emerging from (66) is that, on
the contrary to what happens for pure Dirac or pure Ma-
jorana neutrinos (71), the resonance condition is ruled by
two squared masses differences so that, even if two or three
of four mass eigenvalues are degenerate, the enhancement
of oscillations can still take place (note that the resonance
density in (66) is shifted with respect to that occurring for
(71) towards lower values). The same is valid for active-
sterile (flavour-changing) transitions. Note, however, that
the resonance conditions do not depend on the X param-
eter.

For the particular case in which the Dirac and Majo-
rana mass matrices are given by (36) or (45), only one

2 Note that, while (70) is realized only in vacuum, relation
(69) can be satisfied also in a medium with N. = N, /2. Such
a condition can be achieved in the first stages of the neutron-
ization phase of a neutron star.
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transition (ver — vg; ) can occur, and for this the reso-
nance condition reduces to

Am? 1
272"’ cos 20, = V2Gp <Ne - 2Nn>

(72)

Instead, for the mass matrices taking the form in (46)
or (47) all the transition discussed in the general case
can be resonant, but now they are all ruled by only one
squared masses difference. So, the resonance condition for
Vel — vuL

m2
2k+ cos 20, = V2Gr N,

(73)

is phenomenologically equivalent to that for pure Dirac or
pure Majorana neutrinos, while the one for v.; — Vi is
again given by (72).

After this qualitative discussion on the resonant en-
hancement of matter oscillations, we now proceed to find
the expressions for the transition probabilities. As for the
vacuum, this can be achieved also in the general case (de-
scribed by the hamiltonian H,, in (62)) because the eigen-
value equation corresponds to a fourth degree algebraic
equation whose solutions are known analytically. However,
the resulting expressions for the probabilities are very in-
volved and not very informative as (and much more than)
in the vacuum case. So we will only consider the partic-
ular scenarios envisaged in the previous section and for
these we will single out the explicit form of the transition
probabilities.

3.2 Pure Dirac and pure Majorana neutrinos

Given (30) or (31) the problem is separable into the di-
agonalization of two 2 x 2 effective hamiltonians, one for
the active left-handed neutrino states and the other for
the sterile left-handed antineutrino states (which propa-
gate freely as in vacuum) for the Dirac case or for the
active right-handed antineutrino states for the Majorana
case. In both cases we have

H, v, = wyg (74)

with

Mp m
2k

Ve, O
Hy, ~ k + + ( 6 Vi > (75)
and so we recover the standard MSW theory [8].

No active-sterile (flavour-changing) transition occurs
in this case, as in vacuum.

3.3 The cases of Dirac mixing and Majorana masses
and vice-versa

Let us now assume that mass matrices are given by (36)
or (45) and substitute relations (39)-(41) in the effective
hamiltonian (62). Inspired from the results obtained for
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the vacuum case, it is useful to introduce the permutated
flavour basis
Vel
I/ﬁ I
Ve
VML

(76)

In this basis, the problem is again separable because the ef-
fective hamiltonian becomes block-diagonal. We then have

(1) [ YeL | _ VeL
() = (%) i
HT(S) <ZeL>w (56[/) (78)
nL uL
with
ME Vi 0
(1) ~ VelL
H,)) ~k + 5% +< 5 O) (79)
ME 0 O
H? ~f 4+ —— 80
m = h S T Lo, (80)
where the mass matrix M is
D M
M= (i i) 51)
ep Mup

Let us focus, for example, on (79). It has the same form
of the 2 x 2 effective e — u MSW hamiltonian (75); the
expressions for the transition probabilities in matter are
then

P(VCL *)I/#L):O (82)
P(vep — V2, ) = sin® 207" sin® z—x (83)
Pver, = v, )=0 (84)

(z ~ t) where the effective mixing angle in matter is given

by

sin 207" (85)

Am?2
— ok

\/( A'mi
2k

while the effective oscillation length by

sin 260

2 Am?2 2
m
cos 20, —V2Gp (Ne—%Nn)) +( St sin 29+)

L, (86)

Am?2 2
—5t sin 20

From (85) we then obtain again that the transitions
Ver, = Vj,1, are resonantly amplified if the resonance con-
dition (72) is fulfilled.

At this point we stress the fact that for Dirac-Majorana
neutrinos described by the mass matrices in (36) or (45)
the MSW theory [8] applies practically unmodified to
VeL = Vi, instead of v.;, — v,,1 flavour transitions, and so

2 Am?2
m
cos 29+7\/§GF(NE—%N,1)) +( 2k+
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the phenomenological implications for disappearance ex-
periments are the same for the two cases. In particular,
the analysis performed in [6] for the solar neutrino prob-
lem holds true for the present case, and from that the
values of Am?2 and sin? 26, able to solve the puzzle can
be extracted.

3.4 The case of degenerate Dirac-Majorana mixing

Let us now turn on the last model considered in the pre-
vious section, with the mass matrices given by (46) or
(47). From (48), (49) we then find that the proper effec-

tive hamiltonian to diagonalize is
1

H,, = 5 (87)
—2 Am,i cos 20 — Am,i sin 260 = - Am,i sin 20
— Arni sin 28+ 2 Am,% cos 26+ — A7n% sin 29+ Py

X b} —Am?3 sin 204 —2Am? cos 204 — Ami sin 20
- Ami sin 260 bl - Am,i sin 20 2 A'mi cos 20

—&—diag{VyeL,VyuL, 0,0}

Because of the presence of V,,,, , we observe that the sub-
matrices corresponding to the subsystem (ver,v,r) and
(Ver, vy, 1) are now not equal (as instead happened for the
vacuum case) so that ver — v, and vep — v, oscilla-
tions have different transition probabilities. The interac-
tions with the medium remove this sort of degeneracy; this
was manifest already in the expressions for the resonance
conditions (66) and (67).

The exact eigenvalue problem for H,, in (87) involves
again complicated solutions of a fourth-degree equation.
Instead of giving the general expressions for the transition
probabilities, it is more useful to discuss qualitatively the
oscillations pattern which is very similar to the general
one described by H,, in (62) since in both cases all the
transition between the different flavour states can take
place (the main differences between the two cases will be
remarked in the following section).

For a medium with varying density we can qualita-
tively analyze neutrino propagation in it with the help of
a level crossing diagram, depicted (for the present case) in
Fig. 1. Full lines represent the eigenvalues of H,, in (87)
plotted against the medium density, while the dashed lines
correspond to the unperturbed (no mixing) energy eigen-
values (i.e. to the diagonal elements of H,, with 6, = 0,
since the non diagonal elements all vanish in the zero mix-
ing limit). The crossing points of the unperturbed lev-
els (approximatively) identify the resonance densities pg;
for the transitions ver — v, (R1), v, — v5; (R2) and
Ver, = Vi, (R3). The relative positions of the three reso-
nance points depend on the Y. = Z/A ratio of the con-
sidered medium; as one can see from (66)-(68),

pr1 ~ Y, (88)
1—v. "

PR2 ™~ ‘2 (89)
3y, — 1|7

PR3 ™~ ’2 (90)
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Energy eigenvalues (107 eV)

Fig. 1. Level crossing diagram for 1 MeV mo-
mentum Dirac-Majorana neutrinos described
Ve by the mass matrices in (46) or (47). The
b eigenvalues of H,, in (87) are plotted versus
the density of a medium with Y, = Z/A =
0.48. Neutrinos parameters are fixed as fol-
lows: Am2 = 107%eV? X = 2.5x 1077 eV?,
sin 204 = 0.1. Dashed lines refer to the zero

1 1
0 5 10 15 20 25
Density (g cm_3)

In Fig. 1 we have chosen Y, = 0.48; in the particularly
common case in which Y, = 0.5 we would have that both
R2 and R3 occur at the same density.

Let us now focus on the evolution od Dirac-Majorana
neutrinos propagating in a varying density medium, such
as for example the Sun or another star like this. Neutri-
nos are produced deep in the star, at high densities, in
flavour eigenstates (typically vy, ) and then move out to-
wards low density regions. As can be seen from Fig. 1, in
fact, at high densities mixing effects can be neglected and
the energy eigenvalues practically coincide with the un-
perturbed ones. The subsequent evolution, with decreas-
ing density, depends whether the resonances are crossed
adiabatically or not (i.e., qualitatively, if neutrinos trav-
elling in the medium “see” a density which varies very
slowly during their path or not). If the adiabaticity condi-
tion [27] is fulfilled (at each resonance), neutrinos evolve
according to the unbroken lines; otherwise at a given res-
onance there is a non vanishing probability for “jumping”
from one level to another one [27]. So, following Fig. 1, if
for example we have a v.p, >~ v, at high densities and the
resonance R3 is crossed adiabatically, at intermediate den-
sities we again encounter a v4 but now v, ~ I/ﬁ 1, we have
had a transformation of an active v, into a sterile v¢; .
Instead, if R3 is crossed non adiabatically so that there
is a non zero probability to jump onto the vy state, at
intermediate densities we encounter (with a certain prob-
ability) a 11 ~ v, and practically we have had no con-
version. But moving towards lower density another res-
onance point (R1) is present: if this is crossed adiabati-
cally, then after that we have a 11 ~ v, (active-active
Ver, — V1, conversion), otherwise we have a jump onto the
vy state which (after the resonance) is approximatively a
Ver, (no conversion).

30 35  mixing limit (04 = 0) of the energy eigenval-

ues

Confronting the present scenario with that of the usual
MSW theory, we see that now efficient active-active
flavour-changing conversions can be obtained only if the
resonance for active-sterile transitions (R3 or R2) is
crossed non adiabatically while that for active-active tran-
sition (R1) is crossed adiabatically. But the important
novel feature regarding Dirac-Majorana neutrinos is that
exiting from the medium we do not have pure flavour
states. In fact, as one can see from Fig. 1 and contrarily to
what happens for the standard MSW theory, at very low
density (approaching the vacuum) the energy eigenstates
(solid lines) do not approach flavour eigenstates (dashed
lines). This is a genuine feature of the Dirac-Majorana na-
ture of neutrinos and it can be shown that (in the present
case) this is due to the fact that in the limit of zero mixing
the X parameter vanishes (50)3.

However, this is not a completely surprising feature,
because we already know that in vacuum even for zero
mixing the pure flavour eigenstates are not the physical
eigenstates, which are instead given by the Majorana com-
binations ny in (13). The level crossing diagram in Fig. 1
for zero density is just an expression of this physical fact.

For zero mixing we have only two (doubly degenerate) en-
. Am? . . . ..
ergy eigenvalues + :Z* while, switching on the mixing,

four non degenerate energy eigenvalues appear,

5 (* 24m3 + X)

(91)

1
o (£2Am3 cos 20, — X) (92)

3 In fact, keeping X fixed in the limit 6, — 0, at very low
density the dashed lines approach the solid ones
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and the physical eigenstates at the exit of the medium are
just vy, Ve, V3, V4 = Ny corresponding to the energy values
given in (91), (92).

4 Concluding remarks

In this paper we have studied the propagation both in
vacuum and in matter of Dirac-Majorana neutrinos and
analyzed active-active (flavour-changing) as well as active-
sterile transitions, which are, in general, both possible.

For vacuum oscillations, in Sect. 2 we have given the
general expressions for the transitions probabilities for
Vel, = VuL , Vel — Z/EL, Ver, — VS, We have then dis-
cussed some interesting limiting cases for Dirac (Mp) and
Majorana (Mjy;) mass matrices. For pure Dirac (My; =
0) or pure Majorana (Mp = 0) neutrinos obviously we
recover the usual flavour oscillation formulae [7], while
for both Mp and Mjy; non vanishing and diagonal the
Pontecorvo formula [24] for neutrino-antineutrino (active-
sterile) oscillations is obtained [22].

An interesting non trivial case is that with Mp and
My given by (36) or (45) which implement the idea that
neutrino mixing is essentially ruled only by the Dirac mass
term while the Majorana mass term is diagonal or vice-
versa, respectively. In both cases, neither pure flavour os-
cillations nor Pontecorvo oscillations are predicted, but
only flavour-changing active-sterile transitions, such as
Ver, — V,,p,, are possible. Remarkably, the transition prob-
ability for these is identical in form to that for flavour os-
cillations for pure Dirac or Majorana neutrinos, and this
holds both in vacuum and in matter. For the latter, the
resonance condition is only shifted by the neutral current
contribution of vy, to the effective potential. So, for exam-
ple, the solution to the solar neutrino problem in terms of
active-sterile neutrino oscillations proposed in [6] applies
unmodified to the present scheme.

Another interesting case, even if a bit more compli-
cate, has been analysed for the mass matrices in (46) or
(47), which implements the idea that neutrino mixing is
given by the Dirac and Majorana mass terms with the
same strength. In this case, ver, — Vurp, Ver — l/ﬁL,
Ver, — V¢ transitions are all possible and, in vacuum,
the first two have the same transition probability, which
is also identical in form to that obtained in the previous
case, except for a constant suppression factor in the am-
plitude of oscillations of 1/4. Also in matter the pattern
of neutrino transitions present in the general case is (qual-
itatively) reproduced in this peculiar scheme. In particu-
lar, all the flavour changing oscillations can be resonantly
amplified while Pontecorvo v.;, — v¢; matter oscillations
have maximum amplitude only for a given electron to neu-
tron number ratio ((69) and the related footnote); the res-
onance conditions were discussed in Sect. 3.1 .

Given the multiresonance structure of the oscillations
pattern, it is then interesting to follow the evolution of a
Ver, , for example, in a varying density medium such as the
Sun; this has been done in Sect. 3.4 with the help of a
level crossing diagram reported in Fig. 1. Several scenar-
ios are possible according to the adiabaticity properties
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of level crossing near the resonance points. In particular,
starting from a pure v.; beam at high density, to have
a consistent conversion into v,z at low density the reso-
nance for ver — v}, has to be crossed non adiabatically,
while the passage through the one for ve;, — v,z has to be
adiabatic. However, we have also shown that at very low
density, and then in the vacuum, it is more appropriate
to deal with the Majorana combinations n1 in (13) than
with the pure flavour states ver , V5, vur , Vyr, - This is
strictly related to the Dirac-Majorana nature of neutri-
nos, which chooses Majorana eigenstates instead of pure
flavour states as starting points. In this respect, we have to
deal with “generic” flavour-changing or flavour-conserving
transitions of Dirac-Majorana neutrinos without looking
at the particular active neutrino or sterile antineutrino
state. It is through the weak interactions, with which neu-
trinos are produced and detected, that a particular (active
or sterile) component of the Majorana eigenstates is cho-
sen.

The results obtained for the case of degenerate Dirac-
Majorana mixing are qualitatively valid also in the general
case in which all the entries of the Dirac and Majorana
mass matrices are non zero and different between them.
The main difference between the two cases is that in the
general framework there are 3 mass parameters and two
mixing angles ruling the evolution, while for the particular
case studied in Sects. 2.3 and 3.4 there are only 2 mass
parameters and 1 mixing angle (these parameters being
not completely independent, because of relation (50)). The
presence of more degrees of freedom in the general case
allows to consider some peculiar situations which are not
possible otherwise. The most remarkable one is that in
the general case the proportionality of the Y parameter
to sin? 26, (see (50)) is lost, so that the structure of the
level crossing diagram at very low density can be altered.
The eigenvalues of H,, in (62) for zero density (vacuum)
are given by

i (£24m?% + X) (93)
g, (£24m2 — %) (94)

so that one can manipulate the mass parameters to modify
the low density region of the level crossing diagram with-
out grossly altering the region where the resonance points
are present. In any case, there can be present no substan-
tial modifications of the conclusions reached above.

The oscillations of Dirac-Majorana neutrinos here
studied with their peculiar features can be efficiently
tested in astrophysics, in particular detecting solar or su-
pernova neutrinos, and can have even profound implica-
tions in cosmology for the nucleosynthesis of light elements
in the Universe.
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